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Turbulent Viscous-Shock-Layer Solutions
with Strong Vorticity Interaction

E. Clay Anderson,*
DCW Industries, Sherman Oaks, Calif.

James N. Moss,t and Kenneth Suttont
NASA Langley Research Center, Hampton, Va.

Numerical solutions of the viscous-shock-layer equations governing laminar and turbulent flows of a perfect
gas and mixtures of perfect gases in chemical equilibrium are presented for hypersonic flow over spherically
blunted cones and hyperboloids. The results are compared with boundary-layer and inviscid flowfield solutions.
The agreement with the inviscid flowfield data is satisfactory. The agreement with boundary-layer solutions is
good except in regions of strong vorticity interaction. In these flow regions, the viscous-shock-layer solutions ap-
pear to be more satisfactory than the boundary-layer solutions.
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Nomenclature
= mass fraction of species /, p //p
= mass fraction of element f
= frozen specific heat of mixture

= specific heat of species /, C* ,//C* >00
= defined quantity, h+ (u2/2)
= total enthalpy H+(v2/2)
= enthalpy of mixture,

enthalpy of species /,/z */£/£, 2
flow index: 0 for plane flow; 1 for axisymmetric flow
thermal conductivity of mixture, /v*//z*efC*)00
molecular weight
molecular weight of mixture
number of species
Lewis number, p*D*uC*/K*
turbulent Lewis number
Prandtl number, ^*C*P/K*
turbulent Prandtl number, n*TC*p/K*T
Reynolds number, p^U^r*/^
Schmidt number, NSc = NPr/NLe
coordinate measured normal to body, n*/ r*

convective heat flux to the wall [ Eq. (7) ]
radius measured from axis of symmetry to point
on body surface, r*/r*
nose radius
coordinate measured along body surface, s*/r*
temperature, r*/7?ef
temperature ( Ut, ) 2 1 C*p< ̂
f reestream velocity
velocity component tangent to body surface, u* /U^
velocity component normal to body surface, v*/U*x
shock angle defined in Fig. 1
boundary-layer thickness
number of atoms of the fth element in species /

Presented as Paper 76-120 at the AIAA 14th Aerospace Sciences
Meeting; Washington, D.C., Janurary 26-28, 1976; submitted April
26, 1976; revision received Oct. 4, 1976.

Index categories: Boundary Layers and Convective Heat Trans-
fer - Turbulent; Supersonic and Hypersonic Flow.

*Consulting Engineer.
tResearch Engineer. Member AIAA.

e + = normalized eddy viscosity, /
77 = transformed Ai-coordinate, n/ns
6 = body angle defined in Fig. 1
K = body curvature
fji = molecular viscosity, />i*//z* (77d)
pT — eddy viscosity
£ = coordinate measured along body surface, ^—s
p = density of mixture, p*/p »
o — Reynolds number parameter [/** ( T^/p^U^r
0i,2,3 = quantities defined by Eqs. (4b, 4c, 4d)
Superscripts
j = 0 for plane flow; 1 for .axisymmetric flow
* = dimensional quantity
" — shock-oriented velocity component (see Fig. 1)
Subscripts
e = boundary-layer edge
/ -=/ th species
f = fth element
s - shock

oo = freestream

Introduction

V ORTICITY interaction between the boundary layer and
the outer inviscid entropy layer is not significant for high

Reynolds number laminar flows over blunt bodies having low
angle afterbodies except at distances far downstream.
However, for large angle afterbodies such as those being con-
sidered for planetary entry probes, l vorticity interaction is
strong in the region near the nose of the body if the flow is
turbulent and can be a significant influence for laminar flows
if mass injection is considered.

The use of higher-order boundary-layer theory for the
analysis of flowfields with a high degree of coupling between
the boundary layer (BL) and the inviscid flow requires a com-
plex iterative solution procedure. Because of the difficulties
experienced in the application of higher order BL theory,
Davis2'3 has developed a numerical technique for solving the
viscous-shock-layer (VSL) equations governing laminar flow
of a perfect gas and for binary mixtures with finite rate
chemical reactions. Moss4 has developed VSL solutions for
multicomponent gas mixtures for both equilibrium and finite
rate chemistry. Moss5 has extended the equilibrium chemistry
analysis to include the effects of radiation heat transfer. These
VSL analyses have been found accurate for flows with strong
vorticity interaction and/or radiation heat transfer.
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In recent publications by Eaton and Larson6 and Anderson
and Moss,7 numerical solutions of the VSL equations gover-
ning turbulent flow of a perfect gas have been presented.
Eaton and Larson considered the thin VSL equations and
presented solutions for turbulent flow over slender cones.
Their results were compared with experimental data and
showed good agreement. Anderson and Moss considered
turbulent flow over blunt axially symmetric bodies and used
the full VSL equations. These solutions were compared with
first-order turbulent BL theory. The results obtained with this
turbulent VSL analysis were essentially identical to first-order
turbulent BL results in the region where vorticity interaction is
not significant. For the downstream region, the expected dif-
ferences were obtained.

In a later investigation, Anderson and Moss8 extended the
turbulent VSL analysis to reacting gas mixtures in chemical
equilibrium and considered both radiating and nonradiating
shock layers. These turbulent VSL solutions were compared
with first-order BL solutions and first-order BL theory with
corrections for streamline swallowing (BLSSW). A
nonradiating shock-layer solution corresponding to a typical
trajectory point for a Venusian entry was considered. A cold-
wall boundary condition was assumed, and the results of the
VSL analysis were compared with integral BL and BLSSW
analyses. The two BL solutions and the VSL solution showed
excellent agreement in the laminar flow region. For the tur-
bulent flow region, both the BLSSW and the VSL solution
showed a large increase in the heat-transfer rate when com-
pared with the BL solution. For the turbulent flow region, the
VSL heat-transfer rates were 14% to 30% lower than the
solution obtained with the integral BLSSW anslysis, but the
general trend in the heat-transfer rate distribution was the
same for both methods of analysis.

For the more complex case of a radiating shock layer with
mass injection at the surface, a typical trajectory point for a
Venus entry was analyzed. These VSL results were compared
with an integral matrix BLSSW analysis. For this case, the
laminar flow region solutions differed by 10% to 15% in con-
vective heating-rate predictions, and for the turbulent flow
region, the two methods of analysis showed opposite trends in
the convective-heating-rate distribution. The BLSSW analysis
predicted a maximum convective heating rate at the transition
point. The VSL analysis predicted the maximum convective
heating rate at a downstream location. For the predominantly
inviscid outer flow region of the shock layer, the VSL solution
was found to be in satisfactory agreement with the inviscid
flowfield solution. The prediction of radiation heating at the
surface was in satisfactory agreement with the BLSSW
analysis.

The opposite trends in the calculated convective heating-
rate distributions appeared to be the result of an increase in
vorticity interaction caused by mass injection and the higher
temperature at the surface boundary. This behavior was not
obtained for the nonradiating case with no injection and cold-
wall boundary conditions. The cold-wall boundary condition
results in a thinner BL thickness and diminishes the influence
of vorticity interaction. Both higher surface temperature and
mass injection increase vorticity interaction.

The present investigation is directed primarily toward deter-
mining the behavior of BLSSW and VSL solutions in regions
of strong vorticity interaction. To reduce the number of
variables to a minimum, a perfect gas is considered, and eddy
viscosity modeling techniques are identical in both the VSL
and BLSSW analyses. Representative VSL profile data are
compared with two different inviscid flowfield solutions and
BL and BLSSW solutions. VSL solutions are also presented
for mixtures of perfect gases in chemical equilibrium.

Analysis
Governing Equations

The equations of motion for reacting gas mixtures in
chemical equilibrium are presented by Bird, Stewart, and

Lightfoot.9 The formulation of these equations in body-
oriented coordinates appropriate for VSL analysis of laminar
flow of radiating and nonradiating gases in presented by
Moss.4'5

For turbulent flow, the VSL equations are derived using
methods analogous to those presented by Dorrance 10 for the
turbulent-boundary-layer equations and are expressed in non-
dimensional for for the coordinate system shown in Fig. 1 as

Continuity:

a
—
ds
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Fig. 1 Coordinate system.
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Elemental continuity:

ds dn +ncos6)J

where

State:

(5a)

(5b)

(6)

Boundary Conditions
The boundary conditions at the shock are calculated by

using the Rankine-Hugoniot relations. At the wall, the no-slip
and no-temperature-jump boundary conditions are used; con-
sequently, uw = Q. The wall temperature and mass injection
rate are either specified or calculated. For the calclated mass
injection conditions, the ablation process is assumed to be
quasi-steady and the wall temperature is the sublimation tem-
perature of the ablator surface.

The heat transferred to the wall due to conduction and dif-
fusion is

3T M ^,dCi
— + — — L,hi——dn NSc £r/ dn (7)

More complete boundary conditions are presented in Ref. 11.

Thermodynamic and Transport Properties
The equilibrium composition is determined by a free energy

minimization calculation.12 Thermodynamic properties for
specific heat, enthalpy, and free energy and transport proper-
ties for viscosity and thermal conductivity are required for
each species considered. Values for the thermodynamic13'14

and transport properties15 are obtained by using polynomial
curve fits. The mixture viscosity is obtained by using the
semiempirical formula of Wilke.16

Eddy- Viscosity Approximations
A two-layer eddy-viscosity model consisting of an inner law

based upon Prandtl's mixing'length concept and the Clauser-
Klebanoff expression (based on Refs. 17 and 18) for the outer
law is used in the present investigation. This model, in-
troduced by Cebeci,19 assumes that the inner law is applicable
for the flow from the wall out to the location where the eddy
viscosity given by the inner law is equal to that of the outer
law. The outer law is then assumed applicable for the remain-
der of the viscous layer. It is noted that the eddy viscosity
degenerates to approximately zero in the inviscid portion of
the shock layer. The degeneracy is expressed in terms of the
normal intermittency factor given by Klebanoff.18

This model requires a definition of the boundary-layer
thickness 6 which is assumed to be the value of n at the point
where

Ht/Hti oo = 0.995 (8)

and is defined by linear interpolation in an array of local total
enthalpies. This definition is approximately equivalent to the
usual boundary-layer definition

U/UP = 0.995 (9)

bulent Prandtl and Lewis numbers are assumed to be 0.9 and
1.0, respectively.

Method of Solution
Davis2 presented a method for solving the VSL equations

for stagnation and downstream flow. Moss4'5 applied this
method of solution to reacting multicomponent mixtures. The
present method of solution is identical to that of Refs. 2 and
4. Therefore, the solution procedure is not presented here.

Results and Discussion
Numerical solutions of the VSL equations governing

laminar, transitional, and turbulent flows of a perfect gas are
compared with inviscid, BL, and BLSSW solutions.
Equivalent but less extensive comparisons are presented for
nonradiating mixtures of perfect gases in chemical
equilibrium.

Perfect Gas Solutions with Strong Vorticity Interaction
VSL solutions for laminar and turbulent flow of a Mach 10

freestream over a 40° half-angle spherically blunted cone are
presented. Representative profile data obtained using the VSL
analysis are compared with inviscid, BL, and BLSSW profile
data. The inviscid flowfield solutions were obtained using the
blunt-body method of characteristics (MOC) of Inouye et
al.20 and the transient finite-difference (TFD) procedure of
Sutton.21 The BL data were obtained using the analysis of
Anderson and Lewis.22 BLSSW data were obtained using the
analysis of Mayne and Dyer23 (this solution was provided by
A. W. Mayne Jr. of ARO, Inc.), and the analysis of Ref. 22
was modified to account for variable entropy edge conditions
during the present investigation.

Surface pressure distributions corresponding to the VSL
and MOC solutions are shown in Fig. 2. Excellent agreement
is obtained except in the vicinity of the sphere-cone tangency
point where differences are ± 10%. These differences have lit-
tle influence upon the downstream flow and are not excessive
in the region near the tangency point. The shock shapes
corresponding to the VSL and MOC solutions are essentially
identical and are not presented.

Figure 3 shows heating-rate distributions corresponding to:
1) the BL analysis of Ref. 22, 2) the BLSSW analysis of Ref.
23, 3) VSL solutions corresponding to the assumptions that
the BL edge is located as defined by Eq. (8) and at the bow
shock, and 4) laminar VSL and BLSSW22 solutions. For tur-
bulent flow, instantaneous transition at 5 = 0.8 has been
assumed.

The turbulent VSL solution with the BL edge location
defined by Eq. (8) and using Kelbanoff's normal in-
termittency factor is in excellent agreement with the BL an-
slysis of Ref. 22 for s<2.5. In the region of strong vorticity
interaction, the heating rates predicted by the VSL solution
are as much as 40% less than the heating rates predicted by
the two BLSSW solutions. In the downstream region where
the inviscid entropy layer has been swallowed by the BL, and
VSL and BLSSW solutions approach an equivalent cone
solution, as they should.

40° SPHERE-CONE

PRESSURE,
Pw/Pc

where ue is the local value for the undisturbed inviscid flow
outside the boundary layer. For the present study, the tur- Fig. 2 Surface pressure distributions.
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Fig. 3 Heating-rate distributions.

The turbulent VSL solution is strongly influenced by the
definition of the BL edge location. To demonstrate the
maximum influence of the BL edge definition on the VSL
solution, the BL edge was assumed to be located at the bow
shock and a unit value for Klebanoff's normal intermittency
factor was assumed. These assumptions result in maximum
eddy viscosities using the present mixing length turbulence
model. This solution shows the expected behavior, but the
peak heating rates predicted by the VSL solution remains sub-
stantially less than that given by the BLSSW solutions. The
laminar VSL and BLSSW22 solutions which are not directly
influenced by the BL and the displacement thicknesses show
excellent agreement (±3%) for the heating-rate distribution.
The data presented are the VSL solution.

The apparent contradiction for the agreement between
laminar and turbulent VSL and BLSSW solutions is the result
of the BL and the displacement thickness distributions ob-
tained using the BLSSW analyses. Both BLSSW solutions
showed a linear increase in the BL and the displacement
thickness distributions up to the point where the inviscid en-
tropy layer is swallowed by the BL. Downstream of this point,
these thickness distributions showed a gradual decrease in
magnitude until the equivalent cone solution was approached.
Since these definitions determine the scale for turbulence, the
turbulent-heating-rate distributions predicted by the BLSSW
solutions show the same behavior.

The rapid growth of the BL and displacement thickness in
the region where longitudinal entropy gradients were
significant was obtained for both laminar and turbulent flow
when the variable entropy corrections presented by Blottner24

were used in the analysis of Ref. 22. An approximate
streamline swallowing analysis which corrected only the edge
conditions was also used. This approach has been used by
Price and Harris25 and was found to give a more satisfactory
distribution for the BL and the displacement thicknesses. The
heat-transfer-rate distribution obtained with this approximate
analysis was essentially the same as when the full
modifications presented by Blottner24 were used. A more ac-
curate BL solution would require higher-order theory (see van
Dyke26).

Figure 4 shows velocity profile data at four locations. The
VSL solutions are compared with the inviscid flowfield
solutions of Refs. 20 and 21, the BLSSW solution of Ref. 23,
and the BL solution of Ref. 22. At 5-2.1, the VSL profile
data in the inner viscous region shows good agreement with
both the BL and BLSSW solutions for turbulent flow.

TURBULENT INViSCID
———— VSL o MOC (REF. 20)
— - — B L ( R E F . 22) ————TFD (REF. 21)
_ _ — BLSSW (REF. 23) x SHOCK LOCATION

AMINAR
.6- —• • • —

VELOCITY,

40° SPHERE-CONE
= 10 , T* =266K

/~ - 1.4 , r?= 0.3048 m

~ =0.1,
o

n

10 ' 101

Fig. 4 Comparisons of velocity profiles.

However, as is evident from the different heating rates pre-
dicted at this station, the temperature profiles corresponding
to the BLSSW solution showed pronounced differences from
that of the VSL solution. The temperature profiles correspon-
ding to the BL solution show good agreement with the VSL
solution as indicated by the heating-rate prediction. These
data are not presented.

In the predominantly inviscid outer flow region, the VSL
profile data show satisfactory agreement (± 5%) with both in-
viscid flowfield solutions. The VSL and TFD solutions do not
show the distinct sharp peak in the velocity profile that is a
characteristic of spherically blunted cone flowfields as shown
by the MOC results. Since TFD inviscid flowfield solutions
generally use less than 15 interior grid points across the shock
layer, the differences between the TFD and MOC solutions
are probably the result of inadequate resolution. The VSL
solutions were obtained using 150 interior grid
points with approximately 80 points within the predominantly
viscous inner region and the remaining 70 points in the
predominantly inviscid outer region. Since velocity and tem-
perature gradients are relatively large in the inviscid entropy
layer, the differences between the MOC and VSL solutions
appear to be the result of viscous and displacement effects.

Profile data at 5 = 3.2 and 6.7 show that the agreement bet-
ween the VSL and BLSSW solution becomes progressively
worse as vorticity increases at the BL edge. After the inviscid
entropy layer is swallowed by the viscous layer, the agreement
between the two methods of solution is satisfactory as shown
at s = 21. The profile data at 5 = 6.7 show that the inviscid en-
tropy layer has been swallowed by the BL using the BLSSW
analysis. The VSL profile data show a distinct "inviscid en-
tropy layer," and these data are in satisfactory agreement
with both inviscid flowfield solutions.

The solutions presented for the 40° half-angle spherically
blunted cone indicate that the VSL solution procedure is
satisfactory for high Reynolds number laminar and turbulent
flows. The VSL solutions using algebraic mixing length tur-
bulence models in conjunction with the definition expressed
by Eq. (8) for the BL edge location show acceptable
agreement with BL solutions in the nose region of blunt
bodies and with BLSSW solutions in the far downstream
flow. The VSL solutions appear to be more satisfactory than
BLSSW solutions for flows with strong vorticity interaction.
However, the accuracy of the present solution procedure and
the applicability of the algebraic mixing length turbulence
modeling technique in the presence of strong vorticity in-
teraction must be determined by experimental verification.
Turbulence models which are independent of conventional
boundary-layer thickness definitions are needed for the
present method of analysis.
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Solutions for Perfect Gas Mixtures in Chemical Equilibrium
A VSL solution for the flowfield over a 60° half-angle

spherically blunted cone for a typical Venusian entry trajec-
tory point is presented in Figs. 5 and 6. The VSL solution is
compared with BL and BLSSW solutions obtained using the
integral analysis of Edquist27 (this solution was provided by
C.T. Edquist, Martin-Marietta Corp., Denver Division).

The inviscid flowfield solution used to specify edge con-
ditions for the BL and BLSSW solutions was determined
using a single strip integral method which accounts for the up-
stream influence of the sonic corner. The present formulation
of the VSL equations cannot account for this influence. The
surface pressure distributions corresponding to the two
methods of analysis are shown in Fig. 5. The influence of the
sonic corner is significant only in the region 1.6 <r<2. For r
<1.6, the maximum difference between the two methods of
analysis is less than 4%.

Convective heat-transfer rate distributions corresponding
to the integral BL and BLSSW solutions and the present VSL
solution are presented in Fig. 6. The present solution
corresponds to assuming instantaneous transition from
laminar to turbulent flow with Eq. (8) used for the BL edge
definition and using KlebanofPs normal intermittency factor.
The convective heat-transfer rate correlation formula used in
the BL and BLSSW solutions includes a transition correction.
The BLSSW and VSL solutions show the expected influence
of vorticity interaction, but the VSL solution predicts heating
rates that are approximately 30% lower than that given by the
BLSSW solution. These differences are approximately the
same as those obtained in the region of strong vorticity in-
teraction for the previously discussed perfect gas solutions.
For the present problem, these differences are not excessive
and are generally to be expected when comparing different
numerical techniques using different turbulence models. For
the laminar flow region, the differenct solution procedures
are in excellent agreement.
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Fig. 7 Wall shear stress distribution for a 40° hyperboloid.
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Fig. 8 Heating-rate distribution for a 40° hyperboloid.

VSL solution results are prsented in Figs. 7 and 8 for a 40°
half-angle hyperboloid for freestream conditions correspond-
ing to a typical Jovian entry trajectory point. Wall shear-
stress and convective heating-rate distributions are compared
with the solution obtained using the BL analysis of Bartlett
and Kendall.28 The inviscid constant entropy edge conditions
for this BL solution were determined using the TFD procedure
of Ref. 21. With the exception of the region near the point of
instantaneous transition from laminar to turbulent flow, the
wall shear-stress distributions for both laminar and turbulent
flow show differences of less than ±5% except in the im-
mediate vicinity of the transition point. Vorticity interaction
is not a significant factor for this case except at greater distan-
ces downstream. Turbulent VSL solutions for radiating gas
mixtures in chemical equilibrium are presented in Refs. 8, 11,
and 29.

Concluding Remarks
Numerical solutions for the viscous-shock-layer equations

for both laminar and turbulent flows are presented. These
solutions compare favorably with inviscid flowfield solutions
in the predominantly inviscid outer portion of shock layer.
Favorable comparisons with boundary-layer solutions are ob-
tained for the predominantly viscous inner portion of the
shock layer both near the nose and far downstream where vor-
ticity interaction is negligible. In flow regions where vorticity
interaction is strong, the viscous-shock-layer solutions appear
to be more satisfactory.

First-order boundary-layer theory with corrections for
streamline swallowing appears to overpredict boundary-layer
and displacement thicknesses. For turbulent flow, this results
in an apparent overprediction of skin friction and heat trans-
fer if vorticity interaction is strong. This behavior is the
result of the implied nonvanishing normal gradients at the
edge of the boundary layer when longitudinal entropy
gradients are considered.

Experimental data are needed for hypersonic turbulent
flows over blunt bodies to assess the accuracy of the present
numerical solution procedure and to determine the validity of
mixing length turbulence models in the presence of strong
vorticity interaction.
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Turbulence modeling techniques that are independent of
conventional boundary-layer thickness parameters are needed
for both the present method of analysis and for numerical
solution of the Navier-Stokes equations.
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